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The ' Scattering of Blectric Waves by a Diclectric Sphere. By
A. B, H, Love. Read February 9th, 1899, Received
Febrnary 16th, 1899.

1. The problem of the diffraction of light by small particles of
apherical shape has been considered, from the point of view of the
electro-magnetic theory of light, by Lord Rayleigh,in the Philosophical
Magazine for Anugust, 1881, An approximate solution of the problem
in there given, which depends on the two suppositions: (1) that the
dielectric constants for the material of the sphere and the external
medinm are very nearly equal, (2) that the radius of the sphere is
very small eompared with the wave-length of the incident light.
The most important results are that, if terms of the lowest order
that oceur ave alone retained, the waves scattered in any direction
perpendicular to the direction of propagation of the incident light
are completely polarvized, that this rvesult still holds good if the
difference of dielectric constants is not small, and that when a second
approximation is made the divection in which the scattered wave is
most nearly polarized makes a slightly obtuse angle with the direc-
tion of propagation of the incident waves.

1t seemed to me that it might be not-without interest to work out
n complete solution of the pmblem when the incident waves are
plane, the sphere is of any size, and the difference of the dielectric
constanty of the internal and external medium is any given number.
‘We should expect such a complete solution to verify exactly Lord
Rayleigh’s approximate vesult for very small spheres when terms of
the lowest order only are retained, and to point to the same kind of
conclusions for somewhat larger spheres when a second approxima-
tion is worked out.

2. The analysis requisite for such a complete solution has been
developed by Prof. Lamb in a series of papers in the Proceedings
(Vols. x111. and xv.), and it will only be necessary hers to make a
brief statement of the equations and the types of solution employed.

In a dielectric medium with dielectric constant K and magnetic

permeability p, the equations satisfied by the electric force (X, ¥, 2)
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and the magnetic force (e, S, '}‘a) are

K 0
._;_ .a_f:(X, Y, Z) == curl (as B: 'J")!
' )
- _@_ a —_ ‘
- at( . ﬁ, 'y) == curl (X, Y, Z)a

wherein by the curl of a vector (u, », w) is meant the vector whose
resolved parts parallel to the axes are

Bw_% du_dw 3 _du
dy 0z’ O 0x' Bm oy’

and the constant ¢ is the velocity of light in free ether.

The above equations, when (X, Y, Z) and (a, 3, y) are propor-
tional to the same simple harmonic function of the time e=:%, show
that the resolved parts of these vectors are related solutions of the
same system of equations

(V+e)u=0, (V+Hv=0, (V4+:Hw =0,

2
@l" + .@."_’_ + aw = 0, (2)
P W
where K? = KfK/u.

Tho solutions of these equations which involve spherical surface
harmonics, and are finite at the origin, fall into two types. The first
type is given by '

ey (12 ms 2, 220 LD 0,
(wwd = @) (vg =250 o5 =g o5 —vg)w ®

where w,, is a spherical solid harmonic of positive degree =, and
Yu(n) = (—=)"1.3.5 ... (2n+1) (% i)" sing %)

dn ]
the numerical coeflficient is so chosen that

Ltn=0 ¥ ("7) = 1.

Since eurl (u, », w) satisfies the same equdtibns ag (u, v, w), we
obtain the second type. In fact, the resolved part parallel to @ of
curl (%, v, w), where u, v, w are as above, is

220 +3

! e awn nKr ; e _.a_....f.d..f'_
_—(71‘+1) lpn»l '\"'7) aa; - (2‘33""1)(2%‘[‘3) l|b11+1 (""7) aw ‘7'2“+l’ (5)
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O and @ gor O
a0 e

T‘ha funetions ¥, () satisfy corfain scquence equations which can
be written

n ;'zi;7 () = =5 " saer () = @t D) {Yun (N =g (N} (6)

The two types of solutions which correspond to waves propagated
ontwards are of the same form as those which correspond to dis-
turbances which ave finite at the origin, and are obtained from them
by writing everywhere I, () for W, (v}, where

]'JN (1)) - (—)“ 1.3 (21&"]‘1) ( ) d ) '":2 s (7)

1 dn 7
and the functions 79, () satisfy the snme sognence eguations as the
funetions o, (1),

With a view to tho satisfaction of conditions at a sphevieal survfnce,
we require the radinl components of tho above vectors.  The vector
given by the solutions of the fivst type is pmrely transverse.  The
radial component of the vector given by the solutions of the second
type written as above (5) is easily seen to he

— _'}:_ " (-)‘1,*{-1) Wn (p"-)') Wy, i (8)

1f, then, we add to the components given by (5) and the similar
forms the quantities such ag

r~n (n-+1) ¥, (k1) w,,

wo shall have the parts contributed to these components by the
transverse components of the vector, and after a llttle reductmn we
obt’uu forms of which the typo is

L a ?.'_'n +1

This iy the part of the a-component of curl (u, v, w) contributed by
the transverse components of curl (#, v, ).

The corresponding expressions in the case of waves propagated
oubwards are of the same forms with 74, (vr) in place of y, (k7).

{L’.ﬁ?-:-mlu Prn (160) =y 1 (fc?')} {(n—l-l) S gyt d _“f’f.!_-} ) (q)

3. We shall now suppose that the space outside a sphere of
radius I? is.occupied by free ether for which K and u ave both nnity,

and the resolved parts parallel to y and z can be put down by writing
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and that there is incident upon the sphere a train of plane polarized

waves propagated in the negative divection of the axis of 2. In these

incident waves we shall suppose the electric force is parallsl to y,

and is given by
Y = de~lctra), (10)

and that the maguetic force is parallel to @, and is given by

o = Aem(rt*«:) : (11)

these forms are compatible with the equations (1) when X and u
are each unity. With a view to the satisfaction of the boundary
conditions, we wish to have these forces expressed by means of
solutions of the first type and solutions of the second type which
are finite at the origin. The first step is to expand e**in terms of
snrface harmonies.  This expansion is known to be

P ST SR (1.1 SNy |
1+ 3 755" (o= 1)‘”"("')1)"('47')' (12)

Now consgider electric and magnetic forces given by

X=0, Y=d»e"3y, ()W, Z=0,

(13)
a:.éle"‘“f‘ " (K7) -V;n ﬁ:O, '}’:0:

where V, is a spherical solid harmonic of degree u, Vo= 1, and, for
w>1,

: (eer)? K3
V= 1.3.5... @n— l)P ( ) a4

. We can arrange the expressions for these forces as sums of solubions

of the first type and solutions of the second type. Let the solutions
of the first type that occur in the expression of the electric force be
formed with solid harmonies of which the one of degree » is ¢,, and
et the solutions of the first type that occur in the expression of the
magnetic force be formed with solid harmonies of which the one of
degree n i8 X.» Then the complete expressions for X, Y, Z are of
the forms

_ 8 (.00, _, O,
X = 24’“ (M) (?/ Dz 83}_)

" 91}{2? 20 +3 a x“
+2 — [ (1L+1) lpn 1 (KJ) ,.} (2?Z+1) (Z?&+3) t!’n+1( ) E:H-l:l
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where the summation refers to the different orders of harmonics. In
like manner the complete expressions for a, /3, y are of the forms

a == 3, (xr) (y%x;" --z%x;)

1 a(p" Junty s+ 3 . | Py
=2 [~ Oty ) P+ o ) > ).
(16)

The normal components of (X, ¥, Z) and (a,3,y) at a sphere r =R
are respectively

5—20E Dy (Byx, end 320EDy wm),

in which ¢, and y, are to have their values for r = RE. Now we
know* that there cannot be two different expressions in terms of
solutions of the first and second type which yield the same radial
components of both electric and magnetic force at a spherical surface,
and are both finite within the surface; we therefore obtaan the result
that, when » = R,

E a (n + 1) an (K?) Xu —_ -A eu: ot 2 lpu (K'r) m

: et
3 et ("‘f;i () gu= Aot 2y () 27,

and, by equating surface harmonics of the same order at r= R,
we find

- Aece=et aV,” peuyl . a -V;;_
= n(n+1).;‘,,,(x13)[2%4-9)"’"“("1‘3) - z_lnb'a-z(hR)—,(;;:-%)],

Alhe“d

T (n 1)y, («R) [ 20+

w,.ﬂcda)a""“ Y1 (R) y(z’:f)]'

(18)

4. The expression in the required form of the electric and magnetic
forces in the incident wave has just been effected. We shall now
suppose that the forces in the scattered wave are expressed by
similar forms with ¢, and x;,in place of ¢, and xm and I, (k1) instead

* Lamb, Phil. Trans., Part 2, 1883, p. 633.
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of Y, (x1). We know that this is the complete expression for a system
. of waves propagated outwards.

The material of the obstructing sphere will be taken to he of
dielectric constant K and magnetic permeability z. We shall suppose
the disturbance within the sphere to be derived from solid harmonics
¢, and x,. The disturbance being proportional to ¢*¢, the com-
ponents of the forces now satisfy such equations as

(V4 x =0,
where ! = 'Ky, (19)
and we accordingly take, as the type of X, ¥, Z, '

X =3 0 ( a"f— oo

ay
1 _ _ K Xﬂ n L'ﬂ? 2043 "
3 [~ DY B e () %],
(20)
and, as the type of «, 3, v,
— K" ax:t’___ aXn
a = 3y, (xr) (ya 8J)
b aq!)" nkrzrzma (b:‘r
o3 [t D (e S 4 ,,H(w)a (:25) ]-
(21)

Then utilizing the expressions (9) for the contributions of such
solutions as we have obtained to the tangential components of the
forces at a sphere of vadius », we see that, when » = I, the condition
of continuity of the tangential components of the electric force gives
the two equations

Hbu (KR) ¢JI+BN ("'R) ‘Pn =y (K R) Qb,; ¥
{272-}— i l!’u ("-R) 1 (K-R) } Xﬂ {2 F1 B, ("R) Eﬂ-l(K‘R) } X:l !

'

= { g B B

(22)
and the condition of continuity of the tangential components of the

magnetic force gives two like equations obtained from the above by
interchanging x and ¢, and writing 1/ for 1/K.
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We observe that ¢, and ¢, are determined in terms of ¢,, and Xn
and ¥, in terms of xne Yo eliminate Pr and X and obtain

W " \l’u 1 (" R) n «
¢fl [Qn? ﬂ u -1 ("‘I") + { l//u (LIP) 2,”,+1 } Dil( R):I
r - on v L (g (KR)  =n .

(23)

and a like equation, having 1/K in place of 1/u, connects x; with x,,.

This completes the analytical solution of the problem.

5. To interpret the results we shall assume © =1 and investigate
a first approximation and a second approximation when «F is small.
In this cage «'R also is small, and we may, for a first approximation,
replace ¥, («I2) and y,, («’It} by unity for all values of x.

Introducing this value for the i functions into equation (23), and
putting p == 1, we see that ¢, vanishes for all values of n. To
express x, we observe that, when «I? is small, the approximate value

of B, (xR) is
{1.3.5... (2n—1)}" n

(2n+1) LG e . (24)

and we thus find, as the first approximation to X,ﬂ,

n41 1
x, _ 273""‘1 ( —_—R—") (KR)'_'JH-I aul Xn (25)
T n+1\ £1.8.5..(2e—1)} (Su-+1) " '
Zn+1 (nr2) | }

Now, referring to (14), and introducing the value of P, (2/7), we find

Vo= 1, Vy = = 'elr"g (25 —a’—y%),
L

3
V; = w2, Vaz--;%{ﬁzs—?)z (@ +y)}.

Ve have therefore, for a first approximation,

Aeice~ct Auce=*t

¢'1 == ) @, X == ) s

and the most important terms in the expressions for the electric and

X, 3

(a, ﬁ
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magnetic forces in the scattered wave are given by

o o ) 2, ,
X7 2= 20 (0 0 2) itk S men (2 2, (),

. o 0 0 ) 0 d
=B () (Y —2—y Zx— —X - -——) 1
(a, ﬁi 7) 1 ) (J az ay’ aw Oz 3 ay Y aw X1-
(27)
To see what these become at a great distance from the sphere we
observe that, when «r is great, the approximate value of B, («r) is

~w

()"1.8... (2n+1)—2——, (28)

(K?.).'uﬂ !

and we hence find, as approximate forms for the electric and magnetic
forces In the scattered wave,

(X, Y, Z) = E—1 ﬁ?ﬁidem(u-“m (___:vq 4 yz

K.-i—':‘& r , e ’ o2 ’ 3 1
. . | AT
— K—1 K-RB ex (of =0+ IE) ( % _ @
(0‘-: B: 'Y) = K+2 7 Ae -*;‘ 5 0, ’ —?-:-)

This agrees with Lord Rsiyleigh's approximate results, and shows
that the disturbance in the scattered wave vanishes (to the order
adopted) along the line @ =0, = 0. It follows that, for very small
particles, the scattered wave corresponding to an unpolarvized train
of incident waves should be polarized in a direction at right angles
to the direction of propagation of the incident waves, and the plane
of polarization should be parallel to this divection of propagation.

It is perhaps worthy of note that, to the lowest order the effect in
the scattered wave ab a distance, given by (29), is the same as that of |
a simple Hertzian oscillator with its axis parallel to the direction of o
the electric force in the incident waves.

6. Yor a second approximation the most important consideration o
is that ¢ no longer vanishes, When terms of order &I ave retained

xR .
5 — 30
Vo (kB) = 1 2 (2n+3)’ | (30)

and tle coefficient of ¢, on the right-hend side of (28) becomes,
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for n=1 and p=1,

s
s (1-48) -4 [ ]
10
which is — 2 (KE'— xR, or .I%%lxw,
since «* = K.
Hence, to order «*E°, we have
#i =St e men g, 31)

and the additional terms thus introduced into X, Y, Z,a, 3, y at a
great distance are

= K-l fE | o ( 2 _?/_)

for (X, Y, Z) = — g Ae 0, —, =)
. — K—1 &R “(cc-nm(yg+zg _ &y _gc_-g)
and for (a, 3, v) = 30 » Ade A 2 2 N

(32)
The introduction of these terms shows that the forces in the scattered
wave vanish more nearly in a direction given by

ge=0, 2 o=B+20p (33)
r

30

This is in accordance with the result of ohservation that for some-
what larger particles the scattered wave is more nearly polarized in
a divection inclined at a slightly obtuse angle to the direction of
propagation of the incident wave. It agrees also in general character,
thonugh not numerically, with Lord Rayleigh’s second approximation.

7. The second approximation to the form of ¢f, which vanishes to
a first approximation, has introduced into the expressions for the
forces texms of the order «'If. Tt appears to be desirable to obtain
expressions for the forces which shall be complete approximations of
this order, that is shall contain all terms of order not exceeding xR,
To do this we shall vequire to ey the cquation connecting x; and y,
to a higher ovder than before, and we shall also need a sccond
approximation to the value of y;; further, we shall have to investi-
gate whether any of the higher havmonics ¢, ... y, ... yield any
terms of ovder «*H% and to evalnate any such terms if they can
occur,
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(@ B ) = By (o) (y & =5 2y 25—
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The ¢omplete expression for y, is

1“‘, w el -
X1 = — Qflfln(ifﬂ [5' Wy (xI¥) - ‘""J+ Yo (KR) ’y_I
A e~ L
= (l 2 ﬁ,xﬁ.ﬁa) 3 (34)

as far as terms of order «*It%
~ Again, we have, by (23),

Xt [37 (B) =B (B) + 1 (3= 550) B (B |
= [1-5" =4 (1 5) — ¢ (1-5) (- 55) ) e

where we have put in the second approximation to the i functions,
and we have to put

~ix It
By(xB) =, By (xB) = 8 5L o - (36)
‘We find, to the order «*It%,
, _K-—1 N ' 6K
Xy == K12 2t Py B |:1 — kR I R? { 15— 5 (K+2) } ] Xy (37)

Hence so far as y, is concerned the expressions obtained in the
first approximations to the forces are to be multiplied by

L— R f { py— g | el 3y

Again, we find that the terms of lowest order in x5 are given by
the approximate forms

.A.K euct
Xa = 6 Yz,
. (38)
. 3 (I{___l) KBREE“R
X: = oK+s 48
and we have contributions to the expressions for X, ¥, Z and («, 3, v)

in the scattered wave of the forms

5’ Oy’ & < 35
0,2 42 L0 0y,

Iv‘\-
-

5y “0a or 3y Yo/t
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2

The terms thus contributed to the expressions for (X, Y, Z) at a
great distance are
K—1 kB , orenm [_Lyf (,a;_ Y i)_g_ (o 2 _y_):l 40
2K +3 Ae St N 2 AN A (40)
In like manner the terms thus contributed to the expressions for
(a, B, v) at a great distance arve
K—1 «I* Qy —aw
a0, 8, Z98). "
K+3 = 77 gt ) ‘ (41)
It appears on inspection of the ratios ¢i/p; and xy/x, that we have -
now exhansted all the terms of order «'1°.

Thus the complete expressions, as far as terms of order «*R°, for’
the foreces in the scattered wave at a great distance are

(X, 7, 2) = St dgrem (2Y T AE ) I
’ 3 -

K+2 s Ty
| < {1-wt—sr (1450 ]
+(K—1)Aeu<c=-r+i-'>i‘f§?’-"'..;6( _.:;? _’;’L) |
i e o2, )
and . :
(4, By y) = K+§Ae“(“ T (“? ’. o ;“) K?Ea \
Ml

- The results are in agreement with observation inasmuch as they
show that there is no direction in which the forces in the scattered
wave completely vanish, and that the intensity of the residual dis-
turbance in the direction in which it most nearly vanishes varies
inversely as the eighth power of the wave-length, It is noteworthy
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that, if terms of ovder &I are retained and terms of ovder x*I?
neglected, the scattered wave is precisely as given by the first

approximation (29), except that the exponenbml factor becomes
o kit~ I)
e

8. A very similar analysis applies to the problem when the mﬂtel“ial
of the sphero is regarded as conducting.  If ois the specific resistunce,
the equations that hold within the sphere become

(_If__ J + {Lffri) (X, Y, Z) = curl (g, B, v),

“[-.‘— —‘Q)t (a’ B, ) ) GLLI.' ( 2 : } / ) H

and it follows that, when all the forces are proportional to e*%, each
of them satisfies an equation of the form

(V¥4 ™y u = 0,

whevre K* = K — dmpp o = K*p K — dmreo . (45)
o

KF

The two circuital velutions hold as before, and the forces at points
within the sphere are connected by the equations

1
(X, Y, 4) uc[&-i-flvr(/a' el (e, B, ), (46)
(«, B,7) = -—-—1« curl (X, Y, 4).

LR

T'he forms of tho vxpressions for the forces at internal points ave
ensily written down in terms of two systems of solid harmonics ¢
and x,,, and the forms at external points arve the same as before. In
the boundary conditions wo have to put

__ place of —

K —dmric/co K’

wherever 1/K ocenrs explicitly,

The rvesult of the first approximation still holds good, provided
| It | is small when <& is small. With frequencies of orders of
magnitude corvesponding to visible light K is the square of the
vefractive index, and the quantity 4we/ko is small compared with
K for badly conducting materials, and thus a slight degree of
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.conductivity does not appreciably affect the result.¥* For a good
conductor, however, K may be omitted, and

W = — dapixe .

e

T

I find that for frequency and wave-length corresponding to the .D
lines of the solar spectrum, and with ¢ equal to the specific

resistance of copper, ,

B = ./(—1) 45 nearly.’
K

To make | «R | small we should require 45«R to be small, or, eince
x == 2w/A, where A is the wave-length, this would require I to be
about A/300 to make | «R | about 1/10. Such a value of I is so
near to molecnlar dimensions that a continnons analysis could not be
applied to the problem. On the other hand, if we could imagine the
resistance to be very much less than it is for the best conductors, we
might make an approximation on the supposition thab k'R is great
while «B is small,

In writing out this approximation we put p =1, and

o z%—':gf (é:‘l"_{’,) = 1= & say;

Ka

. ¢
sin kB etledl
then B = —

"Ibl) { ) K’ Rv 2“<r R

approximately when 3R is great. Also we have

¥y (KB) = — :g"ﬁ (kI cos € B—sin x'B)
S I W SR o 9R
_a—mg(xﬂ-]-t)e ev

approximately when I is great. This gives

Y, (k'IT) — k't I3 1 L
U (KR) - 83 1—«'R™ 8

k'R (47)

approximately when «'R is great.

lsgsﬁﬁ Gél}I’V ‘Walker, Qamrtaﬂy Journal of Pure and Applied Mathematics, Vol, xxX.,
y Pe . '
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The equation connecting x{ and ¥, now becomes

’ . K* t - q
4[5, 5 () ] 1 3]

where we are to put

- Ji

B, (k) = I' ,

EI (KR) —_— %ﬁge-mlﬂ.

' Thus the most important part of x{ is ‘.given by
X1 == AP ety (48)
Again, the equation connecting ¢{ and ¢, becomes
| i = — 4T o= g, ‘ (49)
when only the mosﬁ important terms are retained.

- With these approximations the expressions fm:- the forces at u
distance become '

(X, Y, 24) = "glb g (ot - 1+m( a’q f? __yz)
’ H - , i
+£l), K_'-,_I:_A_ e (et~ r+ di) (0, _ h__), (50)
%}.Ild (a., ﬁ, ’y) boaicd Kall’ ,m(ct -y+ 1) _f_ ‘ ) |
r r

—_—

o S i oL ay @z
MTA et 1)(“;?_, — "';;.,*) (51)

S|~

7%

These oxpressions verify Prof. J. J, Thomson's resnlt* that, for a
perfect condunctor, the forces in the scattered wave vanish in the
direction = 0, z/r = — %, Z.e., in a dirvection making an angle §w
with the direction of propagation of the incident waves. This result
could Lave been more simply obtained by neglecting the disturbance
inside the sphere and taking the clectric force at the boundary to be
purely radial. We have shown ahove that there is. no reason for
thinking that this investigation could have any application to the
problem of the scattering of light by small particles, though 1t might
conceivably represent something that could be observed for Hertzian
" waves & metre long and metallic spheres of a few millimetres radius.

* Recent Researvehes, p. 448,
VOL. XXX.—No, 678. Y
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